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Abstract

As the constraint of a small transverse emittance becomes more severe, the higher the electron beam energy in an FEL.
To compensate for the transverse and thus the longitudinal velocity spread, a compensation scheme has been proposed
previously by Derbenev and Sessler et al., for Free Electron Lasers by introducing a correlation between the energy and
the average betatron amplitude of each electron. This compensation scheme is based on a constant absolute value of the
transverse velocity, a feature of the natural focusing of undulators, and does not include strong focusing of a superim-
posed quadrupole lattice. This paper focuses on the electron motion in a strong focusing lattice with a variation in the
axial velocity. The resulting reduction of the compensation efficiency is analyzed using simulations. It is seen that the
compensation scheme is not much affected if the lattice cell length is shorter than the gain length. For the results
presented in this paper, the parameters of the proposed TESLA X-ray FEL have been used. © 2000 Published by

Elsevier Science B.V. All rights reserved.
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1. Introduction

Several Free Electron Lasers are proposed or
currently under construction [1-4] to extend the
wavelength range to the VUV and X-ray regime.
Compared to FELs operating at a shorter
wavelength, an efficient FEL performance demands
an improved beam quality to keep the total length
of the FEL in reasonable limits. In particular, the
spread in the transverse motion degrades the syn-
chronization of the electrons with the radiation
field because the longitudinal velocity is modulated
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by the betatron oscillation. The FEL amplification
is affected by the transverse emittance similar to a
larger energy spread, resulting in an increased satu-
ration length with reduced radiation power. This
emittance effect is enlarged if the focusing strength
of a quadrupole lattice is increased. The optimum
focusing provides a beam size, where the enhance-
ment of the FEL amplification by a higher electron
density and the degradation by emittance effects
are in balance for the FEL gain [5].

The impact of the transverse motion can be re-
duced if the slower longitudinal velocity for a larger
betatron amplitude is compensated by a higher
electron energy. This implies a correlation between
the average transverse position of the electron and
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Table 1
Design parameters of the TESLA X-ray FEL

Electron beam

Energy 25 GeV
Peak current 5000 A
Normalized emittance 1 mm mrad
Undulator

Period 7 cm
Undulator parameter (rms) 3.93
Length 100 m
Quadrupole gradient 35 T/m
FEL .
Radiation wavelength 25A
FEL parameter p 94x10"%
Gain length 59 m

its energy [6,7]. If the change in the longitudinal
velocity is constant the compensation scheme will
be highly efficient as it is the case for the natural
focusing of the undulator with no externally ap-
plied strong focusing [8].

The natural focusing is not sufficient enough for
X-ray FELs with electron beam energies above 10
GeV. A quadrupole lattice increases the electron
density to shorten the gain length. Typically, the
period length of the betatron oscillation and thus
the modulation of the longitudinal velocity is larger
than the gain length. A conditioned beam, where
the correlation between energy and betatron ampli-
tude has been applied, can only compensate the
average change in the longitudinal velocity, reduc-
ing the efficiency of the compensation scheme for
a strong focusing lattice.

For the following discussion of the compensation
scheme for a strong focusing quadrupole lattice the
design parameters of the TESLA X-ray FEL have
been used as listed in Table 1. The undulator is
built up by an alternating sequence of 0.4 m long
quadrupoles and 2.0 m long undulator modules. It
is one of the three optional designs for the undula-
tor.

2. Electron motion

The motion within the undulator is split into
a fast oscillation, driving the FEL amplification,

and a betatron oscillation. For a highly relativistic
electron the longitudinal velocity is
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where 7 is the beam energy normalized to the elec-
tron rest mass mc?, K is the dimensionless rms
undulator field and p, , are the transverse canoni-
cal momenta. For natural undulator focusing, the
last term of Eq. (1) is added up with the transverse
dependency of the undulator field K(x,y) =
Ko(1 + k#x%/2 + k}y*/2) to a constant term when
averaged over one undulator period /y, where
K, = eB/mcky is the field at the undulator axis.
The explicit values of k, and k, are defined by the
curvature of the magnet pole faces, fulfilling the
constraint k? + k; = k& with ky = 2m//y. This
constant reduction of the longitudinal velocity
makes the compensation by a larger energy for
large betatron amplitudes highly efficient. For
a strong focusing lattice the longitudinal velocity is
not constant anymore. The variation in p, and
p, can only be compensated in average by a condi-
tioned beam.

The spread in v, due to the transverse emittance
has to be smaller than the acceptance of the FEL
amplification resulting in the constraint

4pPy2
)vU
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where ¢y is the normalized emittance, p is the FEL
parameter [9,10], f the beta function and 4 the
radiation wavelength of the FEL. The right-hand
side of Eq. (2) drops approximately as y~! for
higher beam energies. The constraint for a small
emittance is more severe for an X-ray FEL than for
an FEL, which radiates in the visible or IR regime.

To estimate the trajectory of the electrons in
a strong focusing lattice and thus the impact of
px and p; in Eq. (1), the TESLA undulator quadru-
poles are described in the thin lens approximation.

The electron motion in the x-direction for the
drift section behind a focusing quadrupole of the
periodic FODO Ilattice is given by

X(z) = /1 p(2) sin(¥(z) + ¢o) 3)
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with
Bz) = Bo — 200z + y02° (4)
and
Y(z) = arctan(yoz — o) + arctan(og), (5)

where o, f and y are the optical functions, ¢, the
initial betatron phase, I, the Courant-Snyder con-
stant of the betatron motion [11]. The index ‘O’
refers to the values of the optical functions right at
the beginning of the drift with the length L. The
solution for the second drift after the defocusing
quadrupole is obtained by replacing z with L — z in
Egs. (3) and (4) and by adding the phase advance
Y(L) to ¢g.

The divergence x' = p./p. is independent of z for
the drift section with

xX'(z) = /;:’;[COS(%) — 0l Sin(¢ho) ] (6)

for z < L and

R 201 L
x(z)—/;[<1+ 5 >COS(¢0)

n (1 - 2—L>ao Sin(fbo)} ™)
251 51

for L <z < 2L with f; = f(L)and oy = a9 — yoL.
These general results can be simplified if the
FODO cell length is small compared to the average
value of the beta function B = (B, + 1)/2
(L =24 m, B~ 18 m for the TESLA FEL).
The values of o, and o; tend to be unity with

2

0o &1+ ZL_B_Z (8)
The upper and lower sign denotes the value of
oo and oy, respectively. The transverse divergence
consists of two terms of equal strength, where the
sine term with an alternating sign over one FODO
cell length modifies the electron motion to a ‘saw-
tooth’-like trajectory at maximum displacement of
the electron from the undulator axis (Fig. 1).

With a value of « close to unity and a short
FODO cell length the longitudinal velocity exhibits
a dominant fluctuation of pZ in Eq. (1) on the scale
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Fig. 1. Trajectory of a sample electron within the undulator of
the TESLA X-ray FEL.

of 2L, which is shorter than the gain length. For the
FEL process this term can be regarded as constant
by averaging over one FODO cell length. The
long-term variation with the periodicity of the be-
tatron oscillation is strongly inhibited with a re-
maining amplitude of a few percent compared to
the constant term. Therefore, the compensation
scheme becomes efficient for this kind of quadru-
pole lattice. The applied correlation between en-
ergy and the betatron amplitude is given by

y o
Ay =550+ 1) ©)

For a typical quadrupole lattice of an X-ray FEL
the impact of the natural undulator focusing is
negligible and the correlation strength is the same
for both planes.

3. Simulation results

The 3D FEL code GENESIS 1.3 [12] has been
used to study the efficiency of the compensation
scheme for the strong focusing lattice of the TESLA
X-ray FEL. The results for different values of the
normalized emittance are shown in Fig. 2. For the
largest emittance of ¢y = 11m mm mrad and an
unconditioned beam the degradation of the satura-
tion power would be two orders of magnitude while
the saturation length is increased by a factor of six.
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Fig. 2. Saturation power and length (top and bottom, respec-
tively) for different normalized emittances for a conditioned and
unconditioned electron beam ((<&) and (CJ) marker, respectively).

The case of a conditioned beam yields a signifi-
cantly improved output although the results are
still worse than those for the design value of
exy = lm mm mrad. This is explained by the fact
that a larger emittance increases the electron beam
spot size and thus degrades the efficiency of the
FEL. Compared to simulations where the focusing
strength has been reduced to obtain the same spot
size as with the design value of the emittance, the
differences in saturation power and length are less
than 10%. This indicates that the compensation
scheme is highly efficient.

In order to find the highest efficiency, the correla-
tion strength has been varied. The results are
presented in Fig. 3. The best performance is
achieved for the correlation strength according
to Eq. (9). Any different value would reduce the
output power as well as increase the saturation
length. The results are asymmetric in the correla-

100.05 T <'> T
4 o
[ o ]
10.0F o -:
s o
o 4
g <o
o

1.05— o 3
p° ]

0.1 . . .

0.0 0.5 1.5 2.0

1.0
oidl / (cyel)_,

Fig. 3. Saturation power for a conditioned electron beam with
different strengths of correlation.

tion strength where an overconditioned beam
provides a better performance than an under-
conditioned one. This fact is explained by the
distribution in the longitudinal phase space.
An overconditioned beam corresponds to an
equivalent energy distribution with a tail towards
higher energies. The core process of the FEL
amplification can be regarded as a rotation of
the distribution in the longitudinal phase space.
The tail is shifted to lower energies by transfer-
ring energy to the radiation field. This supports
the FEL process in contrast to the undercon-
ditioned case, where the tail extracts energy from
the radiation field and thus weakens the FEL
amplification.

4. Conclusion

Due to the properties of a strong focusing lattice
with a FODO cell length several times shorter than
the average beta function, the variation of the lon-
gitudinal velocity has a characteristic scale shorter
than the gain length and can be regarded as con-
stant for the FEL amplification. This makes it
suitable for applying a correlation between the
betatron amplitude of the electron and its energy to
compensate for the reduction in synchronization of
the electrons with the radiation field. It relaxes the
constraint of a small transverse emittance. This is
particularly so for beam energies driving an X-ray
FEL.
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