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Time-domain measurement of a self-amplified spontaneous emission
free-electron laser with an energy-chirped electron beam and undulator
tapering
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We report, with an unequivocal time-domain measurement, that an appropriately chosen undulator
taper can compensate for an electron beam longitudinal energy-chirp in a free-electron laser
amplifier, leading to the generation of single-spike radiation close to the Fourier limit. The
measurements were taken using the frequency-resolved optical gating technique by employing an
advanced transient-grating diagnostic geometry. The reconstructed longitudinal radiation
characteristics are compared in detail to prediction from time-dependent three-dimensional
C 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4754612]
simulations. V
Single pass x-ray, self-amplified spontaneous emission
free-electron lasers (SASE FELs) can produce extremely
bright, coherent, ultra-short radiation pulses.1 These light
sources have become an essential tool for investigating ultrafast chemical and physical processes, as they operate at spatial and temporal scales of atomic and molecular motion.2–4
FELs operate on the principle that a coherent electromagnetic wave can be emitted and amplified many orders of
magnitude by the collective beam-radiation instability that
microbunches a relativistic electron beam (e-beam) as it
propagates through a periodic static magnetic undulator. The
narrow bandwidth radiation resulting from this interaction is
peaked around the resonant frequency xr ¼ 2xu c2 =
ð1 þ K 2 =2 þ c2 h2 Þ, where K ¼ eBu =m0 cku is the undulator
strength parameter, ku ¼ 2p=ku is the undulator wavenumber
with undulator period ku , c is the e-beam energy in units of
the rest energy m0 c2 , and h is the emission angle measured
from the nominal beam propagation direction z. SASE FELs
are only partially coherent, however, as the emitted light is
the result of the amplification of initial incoherent radiation
shot noise. Thus, the temporal structure of the light pulse is a
collection of randomly distributed, short coherent spikes.
Improving the coherence of SASE FEL light pulses has been
the subject of much study,5 with emphasis placed on producing a single longitudinally coherent radiation spike.6–8
One promising method to increase the radiation’s longitudinal coherence relies on electron beam phase space
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manipulations that preferentially concentrate the gain along
a small longitudinal portion of the e-beam. The method utilizes an energy-chirped e-beam and an appropriately chosen
undulator taper (secular variation of the undulator field amplitude or period along z). This method is described in detail
elsewhere,9–11 but can be summarized as follows: The resonant amplified frequency in a FEL is determined by, among
other things, the e-beam’s mean energy (cf. xr , above). The
amplified light propagates faster than the electrons as its
group velocity during amplification remains larger than the
e-beam velocity. In an energy-chirped e-beam, this velocity
mismatch brings an amplifying radiation spike out of resonance as it slips forward in the beam frame, inhibiting the
gain, unless an appropriate undulator taper (change in K) is
applied to compensate for the local change in resonance. The
undulator taper that provides this compensation is found to
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
be KðzÞ ¼ 2 ðcs þ azgxu =xr Þ2 xu =xr  1=2, where cs is
the normalized e-beam energy at the longitudinal position
where the radiation spike begins amplification, a quantifies
the energy chirp, and g is a factor that accounts for the different light propagation velocities in different stages of the
amplification process, e.g., exponential gain or saturation.10
For a short electron beam,6 it is possible for only one coherent radiation spike undergoing exponential gain and propagating at the appropriate velocity to match the e-beam
energy chirp and associated undulator taper; this spike eventually reaches saturation.
Observation of this phenomenon is not possible at x-ray
wavelengths because of the lack of appropriate diagnostics.
Thus one must examine, as is often the case in FEL research,
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the physics of this scheme at longer wavelengths. In this
regard, the frequency-resolved optical gating12 (FROG)
diagnostic and pulse reconstruction technique has proven to
be effective in analyzing ultra-fast light sources in the optical
and near-infrared wavelength regions. In this letter, we
report a time-domain measurements of near single-spike
radiation produced from a single pass SASE FEL amplifier
operating under the e-beam energy chirp and undulator
tapering conditions discussed above, by utilizing an
advanced transient-grating (TG) FROG diagnostic. We compare these results with fully three-dimensional time dependent numerical simulations obtained from the code GENESIS.13
The experiment, with e-beam energy chirp and compensating undulator taper, was conducted at the SPARC (Sorgente Pulsata Auto-amplificata di Radiazione Coerente) FEL
Facility in Frascati.14 High brightness electron beams are
created at SPARC using an injector consisting of a 1.6 cell rf
photocathode gun, followed by three traveling wave linac
sections, two of which are embedded in focusing solenoids.
Longitudinal e-beam compression is obtained by running the
first linac section off crest near the zero-crossing phase,
where the first solenoid is used to optimize emittance compensation.15 This method, termed velocity bunching,16 gives
an increase in the peak current while leaving a residual
energy chirp in the electron beam longitudinal phase
space.17,18 Two quadrupole triplets along with a dipole based
magnetic spectrometer and RF deflecting cavity allow measurement of time-projected and time-resolved (slice) e-beam
parameters, which are summarized in Table I. Transport
optics match the beam into the undulator, which is comprised 6 independent, variable gap sections. The undulator
sections were discretely tapered through gap adjustment in
accord with the above prescription for K(z), and for a radiation spike propagating with group velocity near the speed of
light. After undergoing exponential gain and entering saturation (see Table I for relevant parameters), the FEL light exiting the last undulator section was directed to a diagnostic
station where it was input to the FROG device.
The TG FROG diagnostic used to extract the longitudinal
profile was constructed with the unique capabilities and challenges of measuring FEL output in mind,19 particularly in its
extendibility to shorter wavelength operation. It was based on
a geometry initially proposed and demonstrated by Lee
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TABLE I. Experimental e-beam, undulator, and radiation parameters.
Parameter

Symbol

Value

Q
I
E
a
rc

Charge
Peak current
Mean e-beam energy
e-beam energy chirp
rms slice energy spread
Norm. x(y) emittance

n;xðyÞ

250 pC
264 A
113.1 MeV
2:5 keV=lm
5  103
2.3(1.6) mm mrad

Ave. x(y) beta function
Undulator period
Undulator parameter
Radiation wavelength
Max. radiation energy
Measured gain length

bxðyÞ
ku
K
k
Er
Lg

1.5 m
2.8 cm
1.31
530 nm
31:5 lJ
92 cm

et al.20 The diagnostic geometry as constructed is shown in
Fig. 1. The expression for the
Ð 1FROG trace for this particular
TG
ðx;sÞ / j 1 EðtÞjEðt  sÞj2 expðixtÞdtj2 .
geometry is IFROG
Iterative Fourier transform algorithms are used to retrieve the
complex electric field, E(t). While the TG FROG concept has
previously been studied,21,22 it was not used in the FEL context. Here, we emphasize that the geometry implemented has
minimal alignment degrees of freedom and operates on a
single-shot basis; these key features help simplify complex
measurements at a FEL.
At this point, it is useful to discuss relevant previous experimental results in chirped SASE FELs and the applications of FROG diagnostics to provide context for our results.
Andonian et al.23 studied the effects of a chirped e-beam on
the spectral characteristics of the output radiation and found
the resulting light exhibited an anomalously large bandwidth.
Li et al.24 used a negatively chirped e-beam, where the electrons in the head of the bunch had a higher energy than that
of the electrons in the tail, to compensate for the light’s
intrinsic positive chirp that naturally arises from the SASE
process. Velocity bunching, however, results in a positively
chirped electron beam, which serves to reinforce this intrinsic chirp. In the present experiment, the undulator tapering
serves to compensate for both the intrinsic SASE chirp as
well as the e-beam chirp, while simultaneously compensating for the electron energy loss to the FEL radiation. This

FIG. 1. Schematic of transient-grating
FROG diagnostic: (a) beam expander; (b)
input mask, cylindrical lens, Fresnel biprism; (c) nonlinear optical medium, output mask, knife edge slit; (d) focusing
optics, diffraction grating; (e) CCD
camera.

134102-3

Marcus et al.

Appl. Phys. Lett. 101, 134102 (2012)

scheme effectively preserves the narrowband radiation nominally produced in a standard non-chirped single-spike SASE
FEL as seen in Ref. 10. However, it should be noted that no
direct time-domain measurement had been achieved in Ref.
10 and the pulse length at the Fourier limit was only estimated from the spectral width. The TG FROG was thus
implemented as an advanced diagnostic that could simultaneously perform the measurements, while pushing the diagnostic paradigm to shorter wavelength operation. Undulator
tapering has also been studied previously in the context of
seeded FELs by Wang et al.,25 where significant efficiency
enhancement and spectral narrowing were observed. The
present experiment, however, uses an undulator taper in a
SASE FEL to suppress radiation growth where the change in
resonance due to slippage is not compensated by an e-beam
energy chirp. Superradiant FEL pulses generated by a coherent seed, such as those observed with a SHG FROG by
Watanabe et al.26 also share many similar characteristics to
single-spike SASE pulses. The physical mechanisms that
govern their growth and propagation, however, are different
than those at play here. Finally, we note that use of TG
FROG, introduced here for a FEL, unambiguously yields the
direction of time.
A typical experimental FROG trace is shown in Fig.
2(a); note that there is notable noise in the image. One
strength of the reconstruction process, however, is the ability
of the algorithm to filter out the noise because of the robust
over-sampling involved.27 The reconstructed trace, Fig. 2(b),
shows excellent overall agreement with the experimental
trace. These results are compared to fully time-dependent,
3D particle-based simulations using GENESIS. Here, the experimentally measured e-beam parameters from Table I were

used to specify the input particle distribution. Postprocessing the simulation data with an algorithm to extract
the light’s longitudinal profile at the transverse location indicated by the input mask in Fig. 1 results in the simulated
FROG trace found in Fig. 2(c). The agreement in the details
of the reconstructed and simulated FROG traces is striking.
There are several distinct features which are well reproduced
by the simulated FROG trace, such as the asymmetry in the
main body, indicating a slight chirp, as well as the length
and shape of the leading and trailing tails. This agreement
extends to the reconstructed and simulated longitudinal profiles found in Figs. 3(a) and 3(b). The reconstructed longitudinal profile is composed of a dominant coherent spike with
a full width at half maximum (FWHM) of dsRFWHM ¼ 98 fs
followed by a weaker trailing tail. The same signature can be
found in the simulated results where the single dominant
coherent spike has a FWHM of dsG
FWHM ¼ 91fs. It is interesting to note that there remains a small positive chirp in the
phase in both profiles that is likely a result of the discrete nature of the tapering.
One advantage of using the FROG technique is that the
temporal and spectral content along with the pulse’s phase
information can be extracted simultaneously from the associated trace. This allows a rigorous determination of the time28
2
TBP ¼ srms xrms , where
product
pﬃﬃﬃﬃﬃﬃﬃxrms ¼
Ðbandwidth
Ð 1 (TBP),
1
2
2 0
2
0
IðtÞ is the
1 E ðtÞ dt þ 1 EðtÞ / ðtÞ dt. Here, EðtÞ ¼
electric field’s real amplitude, /ðtÞ is the temporal phase
minus the mean frequency, the prime indicates differentiation with respect to time, and the intensity, IðtÞ ¼ jEðtÞj2 , is
normalized to have unity time integral. This expression for
the rms bandwidth contains contributions from variations in
pulse amplitude as well as those due to phase changes. A

FIG. 2. Comparison of the (a) experimental, (b) reconstructed, and (c) simulated FROG traces.

FIG. 3. Normalized longitudinal profiles from the (a) reconstruction and (b) simulation. (c) Comparison between the reconstructed intensity (solid-blue), simulated power at the mask (dashed-green), total pulse simulated power (dotted-red), and total pulse simulated power in the absence of an undulator taper (dotted/
dashed-turquoise).
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similar relationship holds for s2rms . For the pulse in Fig. 3(a),
we have TBP  1:2. This is highly significant, indicating
that single-spike radiation production was nearly achieved
while operating in the chirp and taper scenario.
One concern inherent with use of the TG FROG on a
FEL is that the on axis light is discarded by the input mask.
Fig. 3(c) compares the off-axis and total power from the
reconstructed and simulated data. While the full power profile shows a more pronounced tail, the main features of the
pulse are still captured by the off axis data gathered by the
FROG system. Fig. 3(c) also shows the full power profile for
an identical simulation in the absence of an undulator taper
to emphasize the utility of the tapering. Multiple radiation
spikes are clearly evident. The subtlety of interpreting the
results from the TG FROG is an inherent challenge in FELs
(as opposed to standard lasers), due to their non-negligible
spatial chirp. Nevertheless, the current measurement is seen
to be robust.
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